Abstract. Dwyer and Wilkerson gave a de nition of a p{compact group, which is a loop space with certain properties and a good generalisation of the notion of compact Lie groups in terms of classifying spaces and homotopy theory; e.g. every p{compact group has a maximal torus, a normalizer of the maximal torus and a Weyl group. The believe or hope that p{compact groups enjoys most properties of compact Lie groups establishes a program for the classi cation of these objects. Following the classi cation of compact connected Lie groups, one step in this program is to show that every simply connected p{compact group splits into a product of simply connected simple p{compact groups. The proof of this splitting theorem is based on the fact that every classifying space of a p{compact group splits into a product if the normalizer of the maximal torus does.
Introduction.
A loop space is a triple X = (X; BX; e : BX ' ?! X), where X and BX are toplogical spaces, where BX is pointed, and where e is a homotopy equivalence between the loop space BX of BX and X. Such a triple is called a p{compact group, if X is F p { nite, i.e H (X; F p ) is nite, and if BX is a p{complete connected space. This notion was introduced by Dwyer and Wilkerson in 7] . Examples of p{compact groups are given by the completion of a compact connected Lie group.
For a compact connected Lie group G, the tripel (Gp ; BGp ; BGp ' Gp ) is a p{compact group.
In recent work of Dwyer and Wilkerson 7, 8] and of M ller and the author 12] it turned out that p{compact groups are a good homotopy theoretic generalisation of compact Lie groups. Inparticular, it was shown that p{compact groups enjoy quite a lot of the properties of compact Lie groups; e.g there exist always maximal tori, normalizer of the maximal tori and Weyl groups 7] . The maximal torus commutes up to homotopy. For exact de nitions of these notions see Section 2. In general, the normalizer, also denoted by N X , does not give a p{compact group, because the space BN X is not p{complete (the fundamental group 1 (BN X ) might not be a nite p{group). Nevertheless, the space BN X establishes a nite loop space N X := (N X ; BN X ; BN X ' N X ), where N X is F p { nite. This tripel behaves similar as p{compact groups. There exists a p{compact subgroup of P X N X , which we construct by restricting the bration to the classifying space of the p{ Sylow subgroup of W X . The classifying space BP X is p{complete, because 1 (BP X ) is a nite p{group and because BT X is p{complete. This One of the main question about p{compact groups asks for a classi cation of these objects. The naive approach to believe that the analogy between p{compact groups and compact Lie groups is as good as possible produces a lot of`theorems' and conjectures. Because of the lack of an equivalent for the Lie algebra, one cannot translate all the proofs of statements about compact Lie groups. Translation means to express everything in terms of classifying spaces, e.g. a homomorphism X ? ! Y between p{compact groups is a pointed map BX ? ! BY between the classifying spaces, and a p{compact group X = X 1 X 2 splits into a product of p{compact groups if the there exists a homotopy equivalence BX ' BX 1 BX 2 . The task of the naive approach consists of nding`new' proofs (in terms of homotopy theory) for`old' results, which also work for the larger class of p{compact groups.
The classi cation of compact connected Lie groups says that, for every compact connected Lie group, there exists a nite covering, which is a product of simple simply connected Lie groups and a torus. In 12] was shown that the rst part of this result is true for connected p{compact groups, namely every connected p{compact group has a nite covering, which is a product of a simply connected p{ compact group and a torus. For the second step one has to show that every simply connected p{compact group is a product of simple simply connected p{compact groups. A`new' proof of this second step is the main purpose of this paper.
We call a p{compact group X simply connected if the space X is simply connected. The de nition of simple has to wait until Section 2.
1.1 Theorem. Let p be an odd prime. Let X be a simply connected p{compact group. Then, X = X 1 :::X n splits into a product of simple simply connected p{compact groups.
There exists also a notion of a center of a p{compact group 8] 12], which is the generalization of the group or Lie group theoretic center. The center is always a p{compact group. Again, for details see Section 2. A p{compact group X is called centerfree if the center Z(X) of X is the trivial group, i.e. the classifying space BZ(X) is contractible.
1.2 Theorem. Let p be an odd prime. Let X be a centerfree connected p{compact group. Then, X = X 1 :::X n splits into a product of simple centerfree connected p{compact groups.
The proofs of both theorem are based on a general splitting criteria for p{compact groups.
1.3 Theorem. A p{compact group X splits into product X = X 1 X 2 of p{ compact groups if and only if the normalizer N X of the maximal torus T X ? ! X splits into a product N X = N 1 N 2 .
For the proof of Theorem 15] . These are the main example we apply the next theorem to.
1.4 Theorem. Let P ? ! X be a p{toral Sylow subgroup of a p{compact group X, and let f : BX ? ! A be a map into a connected p{complete almost BZ=p{local space.
(1) The restriction fj BP is nullhomotopic if and only if f is nullhomotopic.
(2) The map A ? ! map(BX; A) const is an equivalence.
Remark. In 11] is proved a similar result for maps between classifying spaces of p{compact groups. The paper is organized as follows: In Section 2 we recall material about p{ compact groups, mostly from 7], and prove some auxiliary lemmas necessary for the proof of Theorem 1.3. Section 3 contains a calculation of some low dimensional cohomology groups of pseudo re ection groups. The proof of Theorem 1.4 is carried out in Section 4, and the proof of Theorem 1.3 in Section 5. The nal section is devoted to the proofs of Theorem 1.1 and Theorem 1.2.
One remark about references. There is some overlap between the papers 7] and 12]. For most citation referring to one of these papers one could also use the other one. We used the one which was rst at hand.
Finally, we would like to point out that, independently of us, Dwyer and Wilkerson also got proofs for similar results.
Background.
In this section we recall the basic notions about p{compact groups from 7] . Most of the notions are motivated by classical Lie group theory and by passing to classifying spaces. For keeping things short and because the analogy to compact Lie groups is discussed in 7, 8] the centralizer C X (X) is a p{compact group and Z(X) := C X (X) ? ! X is the center of X. For every p{compact group X there exists a short exact sequence Z(X) ? ! X ? ! X=Z(X) =: PX of p{compact groups, and, if X is connected, the quotient PX has a trivial center 12, 4.7] .
We call a p{compact group X centerfree if Z(X) is the trivial group.
Maximal tori :
The maximal torus of a p{compact group X is a monomorphism T X ? ! X of a p-compact torus into X such that the centralizer C X (T X ) is a p-compact toral group, whose component of the unit is given by T X . of j into P and C P (j 0 (E)) = P 0 . Hence, j 0 is special. This proves part (1). j 1 : E E 2 ? ! X establishes map j 2 : E 2 ? ! C X (j(E)). Because j 0 was special, P 0 := C P (j 0 (E)) ? ! C X (j(E)) is a p{toral Sylow subgroup. Applying part (1) yields a special subconjugation j 0 2 : E 2 ? ! P 0 , and passing back to maps into P and X proves part (2) . The elemantary abelian subgroups of a p{compact group X build a category A p (X), which we will call the Quillen category of X. An Proof. Because W is a nite group, it is su cient to look at H 1 (W; Zp ) and H 2 (W; Z=p). Then, for the other groups, the statement follows by universal coe cient theorems. Because every pseudo re ection group splits into a product of irreducible pseudo re ection groups and because of the K unneth{formula we also can assume that W is irreducible.
The 4. Maps from p{compact groups into almost BZ=p{local spaces.
In 8] is set up a induction principle for proving statements about p{compact group, which we will use in this and the next section and which we recall here.
The cohomolgical dimesion of a F p { nite space is given by the maximal degree of the nonvanishing mod{p cohomology groups. For two p{compact groups X and Y , we say that X < Y if the cohomological dimension of X is smaller than the one of Y or if both have the same cohomological dimension but 0 (Y ) has a smaller order than 0 (X). Proof of Theorem 1.4. We want to prove the statement by the induction principle. That is we have to show that the class Cl of all p{compact groups satisfying (1) and (2) is a saturated class.
One direction of part (1) f is also nullhomotopic as well as f. This nishes the proof of the fourth step in the induction. Now let X be a centerfree connected p{compact group. Then, for an object j : E ? ! X, the centralizer C X (j(E)) is smaller than X. We choose a special subconjugation j 0 : E ? ! P of j (Lemma 2.13). Then, C P (j 0 (E)) ? ! C X (j(E)) is a p{toral Sylow subgroup and C P (j 0 (E)) is subconjugate to P. 
Splittings of p{compact groups.
In this chapter we want to prove the main "technical" theorem which allows several interesting applications to p{compact groups. Let X be a p{compact group with normalizer N X of the maximal torus T X ? ! X of X. Let N X = N 1 N 2 be a splitting into two factors. For i = 1; 2, we want to construct a subgroup Y i ? ! X of X such that this inclusion induces an isomorphism N Y i = N i in a way which we will make precise working out the construction.
For w w n n n n n n n n n n n Proof. The proof is carried out in several steps and based on the induction principle of Dwyer and Wilkerson explained in Section 4. The proof takes the rest of this chapter. For abbreviation, we collect the assumptions of the theorem in condition (S). Let Cl be the class of all p{compact groups satifying the statement. We want to show that Cl is a saturated class.
Step Step 2 : Theorem 5.3 is sati ed by p{toral groups. This is obvious.
Step 3: Let us assume that the theorem is true for connected p{compact groups.
We want to show that it is true in general.
Let X be a p{compact group satifying condition (S), and let X 0 be the component Step 4: We have to show that the theorem is true for a connected p{compact group if it is true for the associated centerfree p{compact group. Let X be a connected p{compact group, let Z := Z(X) be the center of X, and let X := X=Z(X) be the associated centerfree group. Let N X = N 1 N 2 , let Y 1 ; Y 2 ? ! X be the associated subgroups, let P i N i Y i be a p{toral Sylow Now let us assume that the rank of E is bigger than 1. Let E 1 E denote the rst coordinate of E and E 2 E a complement of E 1 , i.e. E = E 1 E 2 . By what we already proved we can assume that, for i = 1; 2, the restriction j 1 j E 1 = j 2 j E 1 : E 1 ? ! P 1 P 2 is a subgroup of the maximal torus. Let j 0 i : E 2 ? ! C P 1 P 2 (E 1 ) be the adjoint of j i . The centralizers X 0 := C X (E 1 ) and C Y 1 Y 2 (E 1 ) are subgroups of maximal rank, smaller than the centerfree group X, and the normalizers of the maximal tori are given by C N X (E 1 ) = N 0 1 N 0 2 which again splits as well as C P 1 P 2 (E 1 ) = P 0 n n n n n n n n n n n 7 7 P P P P P P P P P P P Claim 4: Let j : E ? ! P := P 1 P 2 be a monomorphism. Then, the map j is a special subconjugation of i Y j if and only of it is a special subconjugation for i X j.
Proof. Let E j ? ! P be a special subconjugation of i Y j and E j 0 ?! P a special subconjugation of i X j. By Claim 2, the composition i Y j 0 is conjugate to i Y j. Hence, the centralizer P X = C P (j 0 (E)), which is the p{toral Sylow subgroup of C X (i X j(E)), is subconjugated to the p{toral Sylow subgroup P Y = C P (j(E)) of C Y (i Y j(E)) and vice versa. Therefore P Y and P X are isomorphic. This proves the statement. The diagonal arrows induce injections in mod-p cohomology, because we always chose special subconjugation. Therefore, the square commutes at least in mod-p cohomology, and the maps E establish a natural transformation F Y ? ! F X , which is an isomorphism on the objects. 6.1 Lemma. Let N be a nite extension of a p-compact torus T, such that N=T acts as a pseudo re ection group on H 2 (BT; Zp ) Q . Then, up to order, there exists at most one splitting N = N 1 ::: N n into simple nite extensions of p{compact tori. Proof. The existence of a splitting into simple factors shows that we have splittings W := N=T = W 1 ::: W n for the quotient, L T := H 2 (BT; Zp ) Q = L 1 ::: L n for the 2{dimensional homology of BT and T = T 1 ::: T n for the torus T itself. By standard representation theory of pseudo re ection groups, these splittings are unique up to order. Thus, the splitting of N is also unique up to order. Theorem 1.2 is contained in the following statement.
6.2 Theorem. Let p be an odd prime. Let X be a centerfree connected p{compact group. Then, the following holds:
(1) The normalizer N X = N 1 ::: N n splits, up to order, uniquely into a product of simple factors. For each factor, the qoutient W i := N i =T i acts on H 2 (BT i ; Zp ) as a pseudo re ection group. (2) The p{compact group X = X 1 ::: X n splits into a product of simple centerfree connected p{compact groups. The last isomorphism follws from Lemma 2.2. This cohomology class decribes also a product of brations of the desired form which is ber homotopy equivalent to BT X ? ! BN X ? ! BW X . This establishes a splitting into simple factors. The uniqueness follows from Lemma 6.1, which proves (1). Now we can apply Theoerem 1.3, which proves the existence of a splitting. By Lemma 5.2, each factor is centerfree. This is part (2) .
Every splitting of X establishes a splitting of N X into simple factors, which are uniquely determined up to order (Lemma 6.1). This proves part (3). Theorem 1.1 is contained in the following result.
6.3 Theorem. Let p be an odd prime. Let X be a simply connected p{compact group. Then, the following holds:
(1) The normalizer N X = N 1 ::: N n splits, up to order, uniquely into a product of simple factors. For each factor, the qoutient W i := N i =T i acts on H 2 (BT i ; Zp ) as a pseudo re ection group. (2) The p{compact group X = X 1 ::: X n splits into a product of simple simply connected p{compact groups. 
